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1. INTRODUCTION 
Suppose G is a p-solvable group and let H be a p-complement for G. Let 
IBr(G) denote the set of irreducible Brauer characters of G. (Note that 
because G is p-solvable, IBr(G) is a uniquely defined set of functions on the 
p-regular classes of G.) If cp E IBr(G), then the restriction (Pi is an ordinary 
character of H and we are interested in the decomposition of qn in terms 
of Irr(H). 
A lovely result of Fong [ 1 ] asserts that (Pi has some irreducible con- 
stituent a such that tlG = Qs, the “projective” or “principal indecom- 
posable” character of G associated with cp. What this means, of course, is 
that for each x E Irr(G), the decomposition number d,, = [a’, x]. Fong 
also proves that a( 1) = cp( 1 )PP, the p-regular part of cp( 1). We shall refer to 
a as a “Fong character” associated with cp. 
There are two questions which arise fairly naturally in this setting: What 
connections exist between the various Fong characters associated with a 
given cp E IBr(G) and what characterizes Fong characters among the 
elements of Irr(H)? We shall answer these questions here. 
Actually, most of the p-modular character theory for p-solvable groups 
can be done in terms of ordinary characters, and this allows generalization 
to n-separable groups for arbitrarily sets 7c of primes. (We choose our 
notation so that in the “classical” case, rc is the complement p’ of (p} in the 
set of primes.) If G is n-separable, we can define Z,(G) as a certain set of 
complex-valued functions defined on the n-classes of G. If n = p’, then 
Z,(G) = IBr(G) and in general, Z,(G) behaves quite analogously to the set 
of irreducible Brauer characters. In particular, Fong characters can be 
defined in this generality and that is the context in .which we shall work. 
Section 2 is devoted to a review of the relevant n-theory. 
To state our principal result, we shall define in Section 4 an equivalence 
* Research partially supported by a grant from the National Science Foundation. 
89 
0021-8693/86 $3.00 
Copyright 8 1986 by Academic Press, Inc. 
All rights of reproduction in any form reserved 
90 I. M. ISAACS 
relation = G on the set Char(H) of (not necessarily irreducible) characters 
of HEG. 
THEOREM A. Suppose G is n-separable and let H c G be a Hall n-sub- 
group, Then u E Irr(H) is Fong in G tjjf every element of the z .-class of u is 
irreducible. Also, if u, /? E Irr(H) are Fong characters, they are associated 
with the same cp E I,(G) lyf u E o/I 
It is admittedly rather awkward to use Theorem A to decide whether or 
not a given u E Irr( H) is a Fong character, and so it is convenient o have a 
useable sufficient condition. 
THEOREM B. Let G be n-separable with Hall n-subgroup H and suppose 
a E Irr(H) is quasi-primitive. Then u is a Fong character. Furthermore, there 
exists R E G with HE R such that c1 extends to a character of R and every 
such extension induces irreducibly to G. 
When is it true that every u E Irr(H) is a Fong character? A sufficient 
condition for this is that G has n-length 1. We show that if H is nilpotent, 
then this condition is necessary also, but an example shows that in general, 
it is not. We also provide a few other examples which serve to set some 
limits on what else might be conjectured. 
The development of a new “theory” is sometimes (rightly) criticized 
because it does not help to answer any questions which it did not, itself, 
raise. It is therefore gratifying to report that our results can throw a little 
light in an area filled with some of the hardest problems in the character 
theory of solvable groups: M-groups. 
It has been conjectured that Hall subgroups of M-groups must be M- 
groups. If that is true, a consequence would be the following; and this we 
prove. 
THEOREM C. Let H be a Hall subgroup of an M-group. If a E Irr(H) is 
primitive, then u( 1) = 1. 
Some of the work on this paper was done while the author was a visiting 
research fellow at Oxford University. I would like to take this opportunity 
to thank the Oxford Mathematical Institute for its hospitality and the 
British S.E.R.C. for its support. 
2. REVIEW OF THE ~-THEORY 
Let rc be an arbitrary set of prime numbers and suppose G is a K- 
separable group. Let G* denote the set of n-elements of G, and for class 
functions x of G, write x* to denote the restriction of x to G*. 
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Consider the vector space c.f.(G*) of complex-valued class functions 
defined on G*. (Note that {x* 1 XE Irr(G)J spans this space.) We seek a 
basis g for c.f.(G*) satisfying the following “decomposition” and 
“Fong-Swan” properties. 
(D) If x E Irr(G), then x* is a nonnegative integer linear com- 
bination of g. 
(FS) If cp E a, then cp =x* for some x E Irr(G). 
In the “classical case” where rc = p’, a set g satisfying (D) and (FS) is the 
set IBr(G) of irreducible Brauer characters of G. Also, for any rc, it should 
be reasonably clear that if 33 is a basis for c.f.(G*) satisfying both (D) and 
(FS), then 3 is uniquely determined. It must be the set 
Z,(G) = {x Ix E Irr(G), x* is not of the 
formX*=<*+q*for&qECharG). 
It is not obvious, however, that Z,(G) is a basis, though it clearly does span 
c.f.(G*). There seems to be no direct proof that Z,(G) is necessarily linearly 
independent for n-separable groups. 
It is the main result of [8] that there does exist a basis satisfying (D) 
and (FS) (when G is x-separable) and thus Z,(G) is the unique such basis, 
and this set may therefore be used in most situations that IBr(G) would be 
used in the classical case rr = p’. 
Observe that we have changed notation slightly from [8] where I, 
would have been denoted I”‘. 
Instead of attempting to prove that Z,(G) is linearly independent in [a], 
the strategy used there was to define in a canonical way a certain subset 
B,(G) s Irr(G) (for z-separable G) and then to show that {x* (2 E B,(G)} 
is a basis for (G*) which satisfies (D). (Note that (FS) is trivial in this con- 
text.) Since we shall use B,(G) in this paper, we shall state some of the 
relevant facts while avoiding giving the precise (and quite technical) 
definition. 
THEOREM. Let G be x-separable and let Na G. 
(a) Zj”x E B,(G), then every irreducible constituent of xN lies in B,(N). 
(b) Zf G/N is a n-group and 8 E B,(N), then every irreducible con- 
stituent of BG lies in B,(G). 
(c) Zf G/N is a xl-group and 8 E B,(N), then tIIG has a unique con- 
stituent x E B,(G). Also, [xN, 0-J = 1. 
ProoJ This is parts of Theorem 6.2, Corollary 6.5, Theorem 7.1, and 
Corollary 7.5 of [8]. i 
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(2.2) THEOREM. Suppose G is n-separable. Let HE G be a Hall x-sub- 
group and let x E B,(G). Then 
(a) The minimum of the degrees of the irreducible constituents of xH is 
x( 1 ),, the n-part of the degree of x. 
(b) If cc is any irreducible constituent of xH of minimal degree then 
[in, a] = 1 and [<n, a] = 0 for x # 5 E B,(G). 
Proof: This is most of Theorem 8.1 of [8]. 1 
It is immediate from Theorem 2.2(b), that the set (~“1 XE B,(G)} is 
linearly independent, and so, therefore, is the set Cg = {x* )x E B,(G)}. A 
counting argument, Theorem 9.3 of [S], shows that [B,(G)1 is equal to the 
number of classes of n-elements of G, and hence L?+J is a basis for c.f.(G*). 
Now if x E Irr(G) is arbitary, we can write 
for some uniquely determined complex “decomposition numbers” d,, . 
Given cp EL& we can find a E Irr(H) by Theorem 2.2(b) such that 
CqHy al= 1 and CpH, a] = 0 for cp #CL ~9. It follows that d,, = [in, a], 
and in particular, the decomposition umbers d,, are nonnegative integers 
and ~?4 satisfies properly (D). Since a clearly satisfies (FS), we conclude 
that 4I = I,(G). 
(2.3) THEOREM. Let G be x-separable. Then Z,(G) is a basis for c.f.(G*) 
which satisfies (D) and (FS). Furthermore, the map * defines a bijection 
from B,(G) onto Z,(G). 1 
Observe that in the case 7c= p’, where Z,(G) = IBr(G), the set B,(G) 
provides a way of lifting the Brauer characters canonically to ordinary 
characters. This is precisely the canonical lift of [6]. 
Back in the general case, if 0 E c.f.(G*),we can express 8 as a linear com- 
bination of I,(G) and we refer to those cp E I,(G) which occur with nonzero 
coefficient as the irreducible constituents of 0. (Note that if G is a n-group, 
then Z,(G) = Irr(G) and this definition agrees with standard usage.) 
If KGG and FEZ,, then (P~E~.~.(K*) and it is easy to see that the 
irreducible constituents of (Pi all occur with positive integer coefficients 
(using (FS) for G and (D) for K). 
We are now ready to discuss rr-Fong characters. 
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(2.4) DEFINITION. Suppose G is n-separable. Let Hc G be a Hall rc- 
subgroup and let cp EZJG). Then an irreducible constituent M ~1rr(H) of 
q)H is a Fong character associated with q provided 
The following summarizes what we have already observed. 
(2.5) COROLLARY. Suppose G is ~-separable and let Hc G be a Hall z- 
subgroup. 
(a) Zfq E Z,(G), then the irreducible constituents of minimum degree of 
qH are precisely the Fong characters associated with 9. 
(b) If a E Irr(H) is a Fong character associated with cp, then a is not a 
constituent of pH when cp # p E Z,(G). 
(c) Zf a is Fong and associated with cp, then for arbitrary x E Trr(G), 
we have [xH, a] =dxP, the decomposition number. 1 
Note that (c) is the x-analog of the fact that aG = Qp, in Fang’s theorem, 
and so in the classical case where 7~ = p’, the de~nition of “Fong character” 
given in the introduction agrees with Definition 2.4. 
We close this section with an observation about elements of I, having x- 
degree. 
(2.6) COROLLARY. Suppose G is n-separable with Hall x-subgroup H. 
Then restriction defines an injection 
irp~Z,(G)ldl) is a n-number) + Trr(H). 
Proof. Let 9 E Z,(G) have n-degree and let a E Trr(H) be a constituent of 
qn. By Corollary 2.5(a) we have 
and so equality holds and a = v)~. Also, a is Fong and so the restriction 
map is one-to-one by 2.5(b). 1 
We mention that the characters XEB,(G) which have n-degree are 
precisely the “n-special” characters of G defined by D. Gajendragadkar 
[2]. (See Lemma 5.4 of [S].) Therefore, Corollary 2.6 is really 
Proposition 6.1 of [2]. 
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3. RESTRICTION AND INDUCTION 
In this section we are primarily concerned with the behavior of I, upon 
restriction or induction in the presence of normal subgroups. 
(3.1) LEMMA. Suppose G is z-separable with Nd G and let cp E Z,(G). 
Then the irreducible constituents of (P,., form an orbit under G and all have 
equal multiplicity. This divides (G: NJ and equals 1 if G/N is a x’-group. 
Proof: Let x E B,(G) with x* = cp and write 
where the 5; are distinct and constitute a G-orbit and where el IG:N(. By 
Theorem 2.1, ti E B,(N) and e = 1 if G/N is a z’group. By Theorem 2.3, the 
<F E Z,(N) are distinct. It is clear that they are a full G-orbit and the result 
follows since (Pi = (xN)*. a 
If KEG and ~EEJK), we can define pGec.f.(G*) using the usual for- 
mula for induced characters, but applying it only to n-elements. Using (FS) 
in K and (D) in G, it is trivial to check that pG is a non-negative integer 
combination of Z,(G). Also, in this setting we write Z,(G) ,u) to denote the 
set of FEZ, such that ZI is a constituent of (Pi. Note that Z,(G(p) is 
necessarily nonempty since if Ic/ E Irr(K) with #* = p and 2 E Irr(G) lies over 
$, then ZI is a constituent of (xK)* = (x*)~ and hence p is a constituent of 
(Pi for some irreducible constituent cp of x*. 
Our next result is the analog of the Clifford correspondence for I,. 
(3.2) PROPOSITION. Suppose G is z-separable with N-3 G. Let 6 E Z,(N) 
and write T= Z,(O), the stabilizer. 
(a) Induction defines a bijection I,( T( 0) + Z,(Gl 0). 
(b) Zf pG = cp with p E I,( Tj t3), then u is a constituent of ‘pr and the 
multiplicities of 8 in ,uN and (Pi are equal. 
Proof: If p E I,( TJ (I) and cp E Z,(G 1 p), we shall show that pG = cp and 
that the multiplicities of 8 in pN and (Pi are equal. To see this, let [ E B,(N) 
with r* = 8 and note that T= Z,(t) since 5 is uniquely determined by 0. 
Let x E B,(G) with x* = cp, Since the irreducible constituents of xN are all in 
B,(N) and cp lies over 8, it follows that x lies over 5 and in fact, the mul- 
tiplicity of < in xN is equal to that of 19 in qDN. 
Let $ E Irr( T( 0 with $” = x and observe that no other irreducible con- 
stituent of xr lies over t and so the full multiplicity of 8 in (xN)* already 
appears in (GN)*. It follows that p is a constituent of +*. However, 
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(II/*)“=($“)*=x*=cp and so $*EZ,(T) and we have $*=p. Thus 
pG = cp and the multiplicities of 8 in pN and qPN are equal as claimed. 
Given p E Z,( TJ O), we can choose 40 E Z,(G ( p) and thus pG = rp and the 
map is well defined. If also (P,)~ = cp for p, E I,( TI 6), then applying the 
above reasoning to k, in place of JJ, we conclude that p, is a constituent of 
qr and each of pN and (~1~)~ have the full multiplicity of B in (Pi. It follows 
that p = p, and the map is one-to-one. 
If cp E I,( G 1 O), let p be any irreducible constituent of (P= which lies over 
8. Then we have pG = cp and the map is onto. This completes the proof. 1 
We can relate the “Clifford correspondence” of Proposition 3.2 to Fong 
characters in the case that O( 1) is a x-number. 
(3.3) PROPOSITION. Let NdG where G is n-separable and let 0 EZ,(N) 
with t3( 1) a n-number. Let T= ZG(0) and let H be a Hall n-subgroup of G. 
Write y = ONnH. Then 
(a) y is irreducible and 
(b) ZH(y) = Hn T. 
Also, if we assume H n T is a Hall x-subgroup of T, we have 
(c) the induction bijection Irr(Hn TJ y) --f Irr(HJ y) carries the Fong 
characters for T in the first set onto the Fong characters for G in the second, 
and 
(d) if BE Irr(H n TI y) is Fong, and associated with p E Z,(T), then n 
lies over 8 and fin is associated with pG E Z,(G). 
Proof: Part (a) is immediate by Corollary 2.6 since Nn H is a Hall rc- 
subgroup of N and (b) follows since the restriction map in 2.6 is one-to-one 
so 8 and y uniquely determine each other. 
We now assume that Hn T is a Hall n-subgroup of T and we write .d 
and a for the subsets of Irr(H I y) and Irr(H n TI y) which are Fong in G 
and T, respectively. 
Let p E W and say p E Z,(T) is associated with /I. Then y is a constituent 
of P~,.,~ and hence 0 must be a constituent of pN since 8 is the unique 
element of Z,(N) over y by Corollary 2.5(b). By Proposition 3.2, cp = 
pLG E Z,(G) and we wish to prove that fi” is a Fong character associated 
with cp. Write a = fi” and note that c1 E Irr(H). 
Now 9 lies over p and hence over /I and so some irreducible constituent 
of qlr lies over /I. Since /I” = do, we conclude that a is a constituent of qn. 
Also 
u(l)=/?(l)~H:TnH~=~(l),lG:Tl,=~(l), 
and so M E & as desired. This proves (d) and all but “onto” in (c), 
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Finally, let c1 E d and let cp E Z,(G) be associated with cx. Thus cp lies over 
y and hence over 0 and by Proposition 3.2, we have q = pG for some 
p E Z,( T( 0). Also, c1= /I” for some /?E Irr(Hn 7’1 y) and it suffices to show 
that /3 is a Fong character associated with p. By a calculation similar to 
that done in the previous paragraph, we have B( 1) = ,u( l), and so what 
remains is to show that /I is a constituent of pHnT. 
The multiplicity of 8 in ,u~ is equal to its multiplicity in (Pi and it follows 
that the multiplicities of y in pHnN and in qHnN are equal. Since /I lies 
below 40, and above y, it follows that /? lies below p, and the proof is com- 
plete. 1 
Finally, as a companion to the previous result , we show how to find 
N-ZIG and ~EI,(N) such that 6’ has n-degree and a proper stabilizer. The 
classical case (where rr = p’) of the following is essentially a theorem of 
Huppert [4]. 
(3.4) PROPOSITION. Let G be n-separable and suppose cp E I,(G) does not 
have x-degree. Then there exists Na G such that the irreducible constituents 
of qN have n-degree and are not invariant in G. 
ProoJ Choose N-UC maximal with the property that the irreducible 
constituents of p,,, have n-degree, and let 8 be one of these constituents. 
(Note that the trivial subgroup has this property and so N does exist.) By 
the hypothesis on the degree of cp, we have N -ZZ G and we can choose a 
chief factor M/N of G. 
Let p be an irreducible constituent of cpM which lies over 8 and note that 
~(1) cannot be a n-number by the maximality of M. (By Lemma 3.1, all 
irreducible constituents of pM have equal degrees.) Now p( 1) = et@ 1 ), 
where e is the multiplicity of 8 in p,,, and t is the size of the orbit of 0 in M. 
We need to show that 0 is not invariant in G so we assume the contrary 
and get t = 1 and p( 1) = e0( 1) so that e is not a n-number. However, by 
Lemma 3.1, e divides IM: NJ and we have M/N is not a n-group. Therefore, 
M/N is a n’-group and so e= 1 (by 3.1) and this is a contradiction. m 
4. LINKING 
Our characterization of Fong characters in Theorem A depends on the 
notion of “G-linked” characters, which we shall now define. 
Let H c G be arbitrary finite groups and let c(, /I E Char(H). (We are not 
assuming irreducibility.) Suppose we can write c1 =,uH and /I = v” where 
,u E Char(K) and v E Char(L) with K, L E H. It may happen for some g E G, 
that Kg = L and ,ug = v, where pg is defined by ,~g(k”) = p(k) for all k E K. 
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In this case, we say that a and /? are G-linked. It is clear that this relation is 
symmetric, but since it need not be transitive, we extend the definition and 
say that a, /3 E Char(H) are G-connected if there exist characters a = 
a,, a1 ,..., a, = /I such that each ai is G-linked to ai+, for 0 < i < m. This 
defines an equivalence relation on Char(H) and we write a = Gfi if a and fi 
are G-connected. 
If a and b are G-linked so that a = pH and /I = (,u”)“, then a’ = p” and it 
follows that any two G-connected characters of H induce the same charac- 
ter of G. In particular, G-connected characters have equal degrees. 
In general, if a = Gp and a is irreducible, it does not follow that /? is 
irreducible. For instance, taking G to be the symmetric group on four sym- 
bols and H its Sylow 2-subgroup, it is not hard to see that the irreducible 
character of H of degree 2 is G-linked to a sum of two linear characters. 
We shall say that a E Irr(H) is G-good if its entire E .-class consists of 
irreducible characters. Clearly, every linear character of H is G-good. More 
generally, we have the following. 
(4.1) LEMMA. Let H c G and let a E It-r(H) be primitive. Then a is G- 
good and the = o-class of a is precisely the orbit of a under No(H). 
Proof. Since a is primitive, the only way we can write a = pH with Jo E 
Char(K) and Kr His with K= H and a = p. Therefore, the condition for G- 
linking that Kg E H requires g E N(H) and the only characters to which a 
can be G-linked are its conjugates under N(H). (And, in fact, a is G-linked 
to each of these conjugates.) Since each of the conjugates of a is also 
primitive, the result follows. 1 
Another easy, general emma is this. 
(4.2) LEMMA. Let HE G and TS G and suppose b E Char(H n T) and 
a=PH. 
(a) Zf /I E ry, then a E oyH. 
(b) Zf a is G-good, then p is T-good. 
Proof. Note that (b) is immediate from (a) for if a is G-good and 
B E TV, then yH is irreducible and so y is irreducible. 
To prove (a), it suffices to assume that y is T-linked to /I and we write 
p,pn= with ~1 EChar(K) for some KS Hn T. Suppose y = ($)HnT for 
some t E T with K’ c H n T. Then a = pH and yH = (P’)~ and a is G-linked 
to yH. B 
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5. PROOF OF THEOREM A 
First, we dispose of the easy parts. 
(5.1) PROPOSITION. Let H be a Hall x-subgroup of the n-separable group 
G and let tl E Irr(H) be a Fong character in G. Then a is G-good. Further- 
more, if CL is associated with sp E Z,(G), then every character of H which is G- 
connected to a is also a Fong character associated with 9. 
Proof: Let a z Gfi. To show that a is G-good, it suffices to show that fi 
is irreducible. Since CI~ = /IG, we have [xH. a] = [xH, /3] for all x E Irr(G). 
Now choose x with x* = cp. Then O< [q,,, a] = [xH, a] = [x,,,, /I] = 
[qH, p] and hence [qH, &] z=- 0 for some irreducible constituent PO of /I. 
Since tl is Fong and associated with 9, Corollary 2.5(a) yields a( 1) d PO{ 1 f. 
However, &,(l ) < /I( 1) = a( 1) since tl = Gp. This forces p( 1) = &,( 1) and so 
p = f10 is irreducible, as desired. Also, p lies under cp and p( 1) = a(1) = 
cp( 1 ), so that p is a Fong character associated with cp. i 
What remains, is to show that every G-good character of the Hall sub- 
group H is Fong and that any two Fong characters associated with the 
same q E 1,(G) are G-connected. 
(5.2) LEMMA. Let G be n-separable with Hall 71 subgroup H and let 
T s G. Then for some conjugate TR of T, we have that H n Tg is a Hall A- 
subgroup of Tg. 
Proof Choose a Hall n-subgroup K of T. Since G satisfies property D, 
(using the Schur-Zassenhaus theorem and the odd order theorem) we can 
write KR E H for some g E G. Then T” n Hz Kg and the result follows. 1 
(5.3) LEMMA. Let G be ~-separabie with Hall n-subgroup H and let 
Na G. Let cp E Z,(G) and let 0 be an irreducible constituent of qN and a an 
irreducible constituent of qn. Assume that 0 has n-degree and that H n I,(O) 
is a Hall n-subgroup of Zo(O). Then tINnH is an irreducible constituent of 
(a’) NnH for some a’ E Char(H) which is G-linked to a. 
Proof. Let y be any irreducible constituent of aNnH so that y is a con- 
stituent of qDNnH and we can choose an irreducible constituent p of qPN 
which lies over y. In fact, p is G-conjugate to B by Lemma 3.1 and so p has 
z-degree and hence y = pNn N by Proposition 3.3(a). By part (b) of the 
same result, we have IH(y) = Tn H where T= I&). We can thus write 
a=fiH for some pEIrr(TnHly). 
Next, write 0 = pg for g E G and observe that Tg n H is a Hall rr-sub- 
group of Tg by hypothesis. Since (Tn H)g c Tg is a ~-subgroup, we can 
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(by D,) choose x E Tg such that (Tn H)g” s: Tg n H. In particular, 
(Tn H)g” E H and thus a’ = (pg”)H is G-linked to ~1. 
Now 
and so gx E N(Nn U). It follows that ygX is an irreducible constituent of 
uw NC- H and therefore also of (a’),,,. However, 
oNnH=(~gX)NnH=(~LNnH)gX=Ygx 
and the proof is complete. 1 
(5.4) PROPOSITION. Let G be x-separable and suppose a E Irr(H) is G- 
good where H is a Hall subgroup of G. Then a is a Fong character. 
Proof: Let q E Z,(G 1 a). If cp has z-degree, then qH = a by Corollary 2.6 
and then a is Fong, associated with cp. We may therefore suppose that cp 
does not have z-degree and so by Proposition 3.4, we can choose N-G 
such that the irreducible constituents of (P,,, have x-degree and are not G- 
invariant. By Lemma 5.2, we may choose one of these constituents 8 with 
T= Zo(6) such that Tn H is a Hall n-subgroup of T. Write y = 0,,,,-, H. 
By Lemma 5.3, we can find a’ E Char(H) such that a’ is G-linked to a 
and y is an irreducible constituent of (a’)Nn,,. Since a is G-good, a’ is also 
irreducible and G-good and if we can prove that a’ is a Fong character 
then so is tl by Proposition 5.1. It is therefore no loss to replace a by a’ and 
assume a E Irr( H) y ). 
By Proposition 3.3(b), we have Tn H= Z,(y) and we can write a = /?” 
for fl E Irr( Tn HI y). Then /? is T-good by Lemma 4.2(b) and so, since 
T< G, we may work by induction on [Cl and assume that b is a Fong 
character for T. It follows that a is a Fong character for G by 
Proposition 3.3(c). 1 
We need one more result to complete the proof of Theorem A. 
(5.5) PROPOSITION. Let G be n-separable and let cp EZJG). Suppose 
a1, a2 E Irr( H) are Fong characters associated with q, where H is a Hall K- 
subgroup of G. Then aI = Ga2. 
Proof: If cp has n-degree, then qH is irreducible by Corollary 2.6 and 
thus a, = a2 and there is nothing to prove. We assume then that rp does not 
have z-degree. 
As in the previous proof, choose N-=IG and an irreducible constituent 8 
of vN such that 8 has n-degree, T < G, where T= IJO), and Tn H is a Hall 
100 1. M. ISAACS 
rr-subgroup of T. Write y = ONnH and observe that y is irreducible and 
I,(y) = Tn H. 
By Lemma 5.3, each of c(i and c(* can be replaced by G-linked characters 
which lie over y. Note that by Proposition 5.1, these new characters also 
are Fong characters associated with cp and it will suffice to prove that they 
are G-connected. We may therefore assume that c(~ E Irr(H 1 y) for i = 1, 2 
and we can write cli = By with /Ii E Irr( Tn H 1 y). 
By Proposition 3.3(c), the pi are Fong characters in T, and if we let pin 
Z,(T) be associated with pi, then ,uy = cp = @ and the pi lie over 9 by 3.3(d). 
It follows that pi =p2 by Proposition 3.2. 
Now T< G and so working by induction on (Gj we may assume 
/Ii = &. Lemma 4.2(a) now yields c(, s G~z. a 
6. PRIMITIVITY 
It is immediate from Theorem A that primitive characters of H are 
necessarily Fong characters. 
(6.1) COROLLARY. Let G be R-separable with Hall z-subgroup H. Sup- 
pose u E Irr( H) is primitive. Then u is Fang in G and if /3 is another Fong 
character associated with the same cp E I,(G), then a and /? are N,(H)- 
conjugate. 
ProoJ Apply Theorem A and Lemma 4.1. m 
If H is solvable, then by a result of T. R. Berger (see Theorem 11.33 of 
[S]) a quasi-primitive character is primitive and so Corollary 6.1 would 
imply that it is Fong. To prove Theorem B, however, we use a different 
approach. 
(6.2) THEOREM. Let G be n-separable and suppose a E Irr(H) is quasi- 
primitive where H is a Hall rc-subgroup of G. Then there exist R s G with 
HE R and u E I,(R) such that vH = c1 and qG E I,(G). Furthermore, a is a 
Fong character associated with qG. 
Proof: Let cp E Z,(G 1 a) and note that if cp has n-degree, then (Pi = u and 
we can take R = G and q = cp. We may assume then that cp does not have K- 
degree. 
By Proposition 3.4, we can choose Na G such that the irreducible con- 
stituents of (Pi have n-degree and are not G-invariant. Let y be an 
irreducible constituent of E,,,~ H and choose an irreducible constituent 8 of 
(P,,, which lies over y. Write T= Z,(O) < G. 
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By Proposition 3.3(b), we have ZH(y) = Tn H. However, since a is quasi- 
primitive, y is invariant in H and thus HE T. Since T < G, we can work by 
induction on 1 GI and choose R E T and q E Z,(R) such that Rr> H and 
ye”= a and qT= p EZ,(T). Also by the inductive hypothesis, a is a Fong 
character associated with CL. 
Now Proposition 3.3 applies (although H = Hn T in this situation so 
that the bijection in 3.3(c) is the identity map) and we conclude from 3.3(c) 
that a is Fong in G and by 3.3(d) it is associated with P’E Z,(G). Since 
pG = qG, the proof is complete. 1 
To complete the proof of Theorem B, we state the following result, which 
does not mention Fong characters or Z, explicitly. It is perhaps not obvious 
how one might prove this directly. 
(6.3) COROLLARY. Let G be z-separable with Hall n-subgroup H and let 
a E Irr(H) be quasi-primitive. Then there exists R c G with R 2 H such that a 
extends to some character of R and every such extension induces irreducibly 
to G. 
Proof. Choose R and q as in 6.2 and let $ E Irr(R) with II/* = q. Then 
tiH = ($*)” = a and $ extends a. Furthermore. if 5 is any extension to R of 
a, then (c*)H = cH = a and so c* E Z,(R). By Corollary 2.6, [* = q and thus 
(cc)* = r,rG EZ,(G). It follows that cc E Irr(G). 1 
We shall show in Example 9.3 that the condition that a is quasi-primitive 
in Corollary 6.3 cannot be dropped, or even weakened to the assumption 
that a is a Fong character. 
7. M-GROUPS 
In this section, we prove Theorem C. 
(7.1) PROPOSITION. Let G be n-separable with H C_ G a Hall z-subgroup. 
Let 2 E Irr(G) be monomial and assume x* E Z,(G). Then some Fong charac- 
ter a E Irr(H), associated with x* is monomial. 
ProoJ Write ~=il’ where 3, E Irr(K) is linear and KS G. By 
Lemma 5.2, we may replace K by a conjugate and assume that Kn H is a 
Hall 7r-subgroup of K. Let a = (A,,,)” and note that since x lies over 
A,, H, it must lie over some irreducible constituent a, of a. 
We have 
aO(l)<a(l)= (H:KnHI = lG:Kl,=~(l),=~*(l),. 
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Also, CI~ is an irreducible constituent of (I*)~ and so x*(l),< Q( 1) by 
Corollary 2.5(a). We therefore have equality throughout, and thus Q, is a 
Fong character associated with x* and Q= a= (A,,,)” is monomial. [ 
(7.2) THEOREM C. Let G be an M-group and let Hz G be a Hall x-sub- 
group. Suppose a E Irr( H) is primitiue. Then a( 1) = 1. 
Proof: Let rr be the set of prime divisors of (HI. Since G is an M-group, 
it is solvable and hence is x-separable and our previous results apply. 
Since CI is primitive, it is a Fong character associated with some 40 E Z,(G) 
by Corollary 6.1 and we may choose x E Irr(G) with x* = cp and x is 
monomial. By Proposition 7.1.) some Fong character B E Irr( H) associated 
with cp is monomial. However, by Corollary 6.1, GL is conjugate to /? in 
N,(H) and therefore CI is also monomial. Since c1 is both primitive and 
monomial, it must be linear. 1 
8. ALL IRREDUCIBLES FONC 
With G z-separable and H a Hall x-subgroup, as usual, when is it true 
that all c1 E Irr(H) are Fong characters in G? It is not hard to see that this 
happens if G has x-length 1 (though we omit the proof). As Example 9.4 
will show, however, this condition is not, in general, necessary. 
(8.1) THEOREM. Let G be z-separable with nilpotent Hall n-subgroup H, 
and suppose that every irreducible character of H is Fong in G. Then G has 
x-length 1. 
Prooj Let N = n { ker x 1 x E B,(G) and x( 1 ), = 1 }. Then Na G and we 
claim that Nn H = H’. To see this, suppose x E B,(G) with x( 1 ), = 1. Then 
the Fong characters associated with x* are linear, and by hypothesis then, 
every irreducible constituent of xH = (x*)~ is linear. Therefore, H’ c ker x 
and we conclude that H’ EN. 
Conversely, let I E Irr(H) be linear. Then 2 is Fong (without appeal to 
the hypothesis) and we choose XEB,(G) such that 2 is associated with x*. 
Then x( 1 ), = A( 1) = 1 and so NE ker x and it follows that N n H c ker 1. 
Since this holds for all I, we have N n H E H’, and our assertion follows. 
If NE Ma G with M/N a z’-group, then l,,,, is the unique element of 
B,(M) lying over 1,. It follows that Mc ker x whenever x E B,(G) and 
NE ker x. We conclude that M = N and thus O,(G/N) = 1. 
Since HN/N is an abelian Hall n-subgroup of the n-separable group 
GIN, we have HNa G. To complete the proof, we show that N has a nor- 
mal n-complement by working one prime at a time. 
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Let p E rc and let P E Syl,(H). Then PNd ZZN and it suffices to show that 
PN has a normal p-complement. We have 
NnP=NnHnP=H’nP=P 
where the last equality is where we appeal to the nilpotence of H. Now 
Tate’s theorem (Theorem 6.31 of [S]) implies our result. 1 
9. SOME EXAMPLES AND QUESTIONS 
In general, Fong characters do not behave well with respect to normal 
subgroups. 
(9.1) EXAMPLE. There exists a rc-separable group G with Hall n-sub- 
group H and Fong character tl E Irr(H) and a normal subgroup Na G such 
that no irreducible constituent of aNnH is Fong in N. 
Proof. Let G = A, XI D, where the kernel of the action of D, on A, is 
the cyclic subgroup Cc D8 of index 2 and G/CrS,. Take 71 = (2). 
Write A = A4 and D = D8 and note that C = C,(A). Let 8 E Irr(A) with 
/3( 1) = 3 and let 1 E Irr(C) be faithful. Let x = (0 x n)G so that x( 1) = 6. Note 
that J. is not invariant in D and hence x E Irr(G). 
Now 8 E B,(A) by Theorem 2.1(c) applied to A with the normal sub- 
group being the Klein group Ka A, and it follows that x E B,(G) by 2.1(b). 
Thus x* = cp E Z,(G). 
Let H = KD so that H is a Hall z-subgroup of G. Then (Pi = xH and we 
claim that this is a sum of three irreducible characters of degree 2. To see 
this, note that no irreducible constituent of (Pi can have smaller degree, 
since q(l), = 2. On the other hand, H has the abelian subgroup KC of 
index 2 and this establishes the claim. 
Now let 174 D be noncyclic of order 4 and let N = AUa G. Then 
Hn N = KU which is nonabelian, and so xHn ,,, has some nonlinear 
irreducible constituents since x is faithful. It follows that some irreducible 
constituent a of xH restricts irreducibly to H n N. We know that a is Fong 
in G and we will show that aNnN is not Fong in N. 
The key observation is that xN reduces to a sum of two irreducible 
characters of degree 3 and one of these, say II/, lies over a,, H. Now 
tj E B,(N) by Theorem 2.1(a) and so $* EZ,(N) and aNnH is a constituent 
of (IcI*)NnH which has the wrong degree to be a Fong character. 1 
(9.2) QUESTION. Let G and H be as usual. If cp EZJG), does there 
necessarily exist an associated Fong character a E Irr( H) such that for every 
Na G, every irreducible constituent of aNnH is Fong in N? 
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Our next example serves two purposes. It shows that the different Fong 
characters associated with a given cp E I,(G) need not be conjugate under 
N(H). The same construction also provides an example of a Fong charac- 
ter c( E Irr(H) such that for no subgroup R, with Hc R E G, does GI extend 
to a character of R which induces irreducibly to G. (Compare this with 
Corollary 6.3.) 
(9.3) EXAMPLE. There exists a z-separable group G with Hall z-sub- 
group H and cp E Z,(G) such that 
(a) There are exactly two Fong characters of H associated with cp 
and these are not conjugate in N,(H). 
(b) If a E Irr(H) is either of these and H s R E G and c1 extends to 
u E Irr(R), then qG is not irreducible. 
Proof Let G = Z, N A, where 2, is cyclic of order 3 and the alternating 
group is acting in a transitive permutation representation of degree 6. 
Write B= (Z,)” and A = A, so that G = BA. Let PE Syl,(A) so that 
BP = H is a Hal1 7r-subgroup of G where z = (3). Note that IG: H( = 4 and 
that H is a maximal subgroup. 
Now let AEIrr(B) be defined by ~=~xlxlxlxlxl where p is a 
faithful linear character of Z,. Then A lies in an orbit of size 6 in G and AG 
is a sum of two irreducible characters, each of degree 6. One of these (call it 
2) is necessarily in B,(G) by Theorem 2.1(b), (c). Thus cp = I* E Z,(G). 
Since H permutes the six G-conjugates of A into two orbits of size 3, we 
have qH = c1i + q where each cli is irreducible of degree 3. Each is a Fong 
character associated with cp. We have H = N,(H) since P=N,(P) and (a) 
follows. 
Now (~l~)~ = rlG is a sum of two irreducible characters of degree 6 and so 
neither tli extends to G and neither induces irreducibly to G. Since H is 
maximal, (b) follows. 1 
Our final example shows that Theorem 8.1 would not remain true if the 
hypothesis that H is nilpotent were dropped. 
(9.4) EXAMPLE. There exists a n-separable group G with z-length 
exceeding 1 such that every irreducible character of a Hall n-subgroup H is 
Fong. 
Proof Let V be elementary abelian of order 5* and let Q E SL(2, 5) 
have order 12 and act on V in the natural way. Let G = V X Q and observe 
that this is a Frobenius group with complement Q. 
Take n = {2,5} and note that the z-length of G is 2. Let P E Syl,(Q) so 
that P is cyclic of order 4 and H = VP is a Hall n-subgroup of G. 
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If a E Irr(H) with a( 1) = 1, then a is Fong in G by Corollary 6.1. The only 
other possibility is that a( 1) =4 and in this case a ’ is irreducible of 
degree 12 and in fact, a’ E Z?,(G). Since 4 = 12,, we see that a is Fong. 1 
(9.5) QUESTION. If every LX E Irr(H) is Fong in G, where H and G are as 
usual, how large can the n-length of G be? 
10. FURTHER REMARKS 
In our usual situation we can minic the classical case and define (follow- 
ing Brauer) 
for each cp E Z,(G), where the decomposition numbers d,, are determined 
by the equations 
for x E Irr( G). 
We have seen that if a E Irr(H) is any Fong character associated with cp, 
then d,, = [xH, a] and hence a’= tD+,. Without much difficulty, one could 
prove further familiar properties of these @,,,. They vanish on non-A- 
elements and form a basis for the subspace V&c.f.(G) of class functions 
which vanish on those elements. Furthermore, every character in I/ is a 
nonnegative integer combination of the QV and this property uniquely 
determines { @,} among all those bases for V which consist of characters. 
We can go further and define the “Cartan numbers” as in the classical 
n = p’ case: 
c jLq = C@,P @pl 
for p, cp E Z,(G). It will probably not surprise the reader that the deter- 
minant of the Cartan matrix C = (cPV) turns out to be a rc’number. Indeed, 
the usual proof of this goes through. One defines 
Y 
and then checks that f = (y@,+,) is the inverse of C. An argument involving 
Brauer’s characterization of characters shows that lGl.,y,,~ Z and the 
result follows. 
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In our case, using n-separability, another proof is available which gives 
some additional information (and avoids the appeal to Brauer’s theorem). 
(10.1) PROPOSITION. Let G he n-separable with Hall z-subgroup H and 
let C= (c~,~) be the Cartan matrix defined above. Also, let E = (e,,) be the 
matrix defined by eVq = [pH, (~~1. Then det C and det E are z’-numbers. 
Proof: Choose x, ,..., x, E H to represent he rc-classes of G and let Kj = 
cl,(x;). Define the following m x m matrices: 
We have 
F= (cp(x,)) with rows indexed by Z,(G), 
D = diag( 1 Kil ), 
A=diag(IK;nHj), 
Z= (y,,) = C’ with yPq as before. 
1 
E=IH FAF’ 
and 
1 
r=GI FDF’. 
Therefore 
(H(“det(E)= (det(A)/det(D)). IG(” det(Z) 
and since Z= C-l, this yields 
(det(D)/det(A)).det(E)det(C)= (G:HI” 
and it suffices to show that there exists some rc’-number a such that 
a. det(D)/det(A) is an integer. What we seek, therefore, for each x E H, is a 
rc’-number f(x) such that f(x)lKl/l Kn HI E h, where K= cl,(x). 
Take 
1 
f’b)=IHl{g-W~H}l. 
By Theorem A of [7], this is an integer which divides IG : HI. We have 
WI f(x) = IC&)l IKn HI = IGI IKn Hl/lKl 
and therefore 
f(x)lf4/l~n HI = WHI 
and the proof is complete. 1 
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We conclude with some comments on a result of Gow [3 3 which is 
related to the subject of this paper. Gow considers the case that G is n- 
separable, W c G is a Hall n-subgroup and jl E Irr(H) is linear. He points 
out that there is a unique irreducible constituent x of /2O which lies over the 
p~ncipal character of a Hall n’-subgroup KC G, and he establishes a num- 
ber of properties of x. Among these are that x(l)= = I, all linear con- 
stituents of xu are conjugate in N(H) and x is monomial. 
By our Corollary 6.1, 1 is a Fong character associated with some 
v, E I,(G). Let $ E B,(G) be such that $* = Q?. We claim that 9 is precisely 
Gow’s character x- To see this, we observe that by the definition of B,(G) 
in [8], we have that $ = yG where y is a n-special character of some sub- 
group WC: G. Since $(I ), = A( 1) = 1 and y(1) is a z-number, we have 
y( 1) = 1 and y is linear (and II/ is monomial). Also, by the definition of “x- 
special,” the multiplicative order of y is a n-number and thus y restricts to 
the principal character of Wn K. Since (yWnK)K is a constituent of b(lKa it
foifows that J/ lies over the principal character of K and hence II, = x, as 
claimed. 
Note that Cow’s assertion that all linear constituents of xH are conjugate 
in N(tf) is now immediate from our Corollary 6.1, since these linear con- 
stituents are precisely the Fong characters associated with cp. 
Finally, we point out that every character 5 E B,(G) with &-degree has a 
linear constituent upon restriction to H, and so arises from Cow’s process. 
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